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RATIONAL CURVES ON A SMOOTH
HERMITIAN SURFACE
NORIFUMI OJIRO
Abstract. We study the set R of nonplanar rational curves of degree
d < q+2 on a smooth Hermitian surface X of degree q+1 deﬁned over
an algebraically closed ﬁeld of characteristic p > 0, where q is a power
of p. We prove that R is the empty set when d < q + 1. In the case
where d = q+1, we count the number of elements of R by showing that
the group of projective automorphisms of X acts transitively on R and
by determining the stabilizer subgroup. In the special case where X is
the Fermat surface, we present an element of R explicitly.
1. Introduction
Let q be a power of a prime p, and k an algebraic closure of the ﬁnite ﬁeld
Fq. For a matrix m with entries in k, we denote by m
(q) the matrix whose
entries are the q-th power of those of m. We denote by a column vector
x = t(x0, x1, x2, x3) a point in the k-projective space P
3. Let A be a nonzero
4-by-4 matrix with entries in k. A k-Hermitian surface XA is deﬁned by
XA := {x ∈ P3 | txAx(q) = 0}.
If A is a Hermitian matrix, namely A has the entries in Fq2 and
tA = A(q),
the surface XA is called a Hermitian surface. It is easily shown that XA is
smooth if and only if A is invertible.
The geometry of Hermitian varieties was systematically investigated by
B. Segre in [8]. Especially, the number of linear spaces lying on a Hermitian
variety and their conﬁguration were considered. It was shown that the
numbers of points and lines on a smooth Hermitian surface in P3(Fq2) are
equal to (q3 + 1)(q2 + 1) and (q3 + 1)(q + 1) respectively, and no plane
is contained. Further, the set of points and lines on a smooth Hermitian
surface forms a block design, see also [3]. In recent years, the number of
rational normal curves totally tangent to a smooth Hermitian variety X
has been determined in [10] by considering the action of the automorphism
group of X on the set of the curves. In [11], non-singular conics totally
tangent to the smooth Hermitian curve of degree 6 in characteristic 5 were
utilized for a geometric construction of strongly regular graphs. On the other
hand, projective isomorphism classes of degenerate Hermitian varieties of
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corank 1 and the automorphism group of each isomorphism class have been
determined in [7].
Let A be an invertible 4-by-4 matrix with entries in k. We will be con-
cerned with rational curves of degree > 1 on a smooth k-Hermitian surface
XA. Let d be a positive integer and F a 4-by-(d+1) matrix of rank(F ) ≥ 2
with entries in k. A rational curve CF of degree d in P
3 is the image of a
rational map
(1) P1  t(s, t) −→ F t(sd, sd−1t, . . . , std−1, td) ∈ P3.
We call rank(F ) the rank of the curve CF . If rank(F ) = 2, then CF degen-
erates to a line. If rank(F ) = 3, then CF degenerates to a plane curve of
degree ≥ 2. When rank(F ) = 4, the curve CF is nondegenerate and is a
space curve of degree ≥ 3. Then CF is said to be nonplanar, namely CF is
not contained in any plane. Thus the study of rational curves of rank 2 on
XA is reduced to that of lines on XA. Further, an algebraic curve of rank
3 on XA is a smooth k-Hermitian curve of degree q + 1, which is of genus
q(q − 1)/2 > 0. Hence we may restrict ourselves to the case of rank 4.
Our results are as follows:
Theorem 1.1. There is no nonplanar rational curve of degree ≤ q on a
smooth k-Hermitian surface.
Let R be the set of nonplanar rational curves of degree q+1 on a smooth
k-Hermitian surface XA. As will be seen later, the set R is nonempty and
each element is projectively isomorphic over k to the smooth curve
C0 :=
{
t(sq+1, sqt, stq, tq+1) ∈ P3 | t(s, t) ∈ P1} .
We denote by Aut(XA) the group of projective automorphisms of XA.
Let n be a positive integer. We deal with the group PGUn(Fq2) deﬁned by
{Q ∈ GLn(Fq2) | tQQ(q) = I}/μq+1I,
where μq+1 denotes the group of (q + 1)-th roots of unity and I denotes
the unit matrix. As is well-known, the group Aut(XA) is isomorphic to
PGU4(Fq2). Then we shall prove the following theorem.
Theorem 1.2. The group Aut(XA) acts transitively on the set R, and the
stabilizer subgroup is isomorphic to PGU2(Fq4).
By Theorem 1.2, the cardinality ofR is equal to |PGU4(Fq2)|/|PGU2(Fq4)|.
We know by [6, pp.64-65] that
|PGU4(Fq2)| = q6(q4 − 1)(q3 + 1)(q2 − 1) and |PGU2(Fq4)| = q2(q4 − 1).
Thus we have the following.
Corollary 1.3. |R| = q4(q3 + 1)(q2 − 1).
The number |R| is 432, 18144, 249600, 1890000, 39645312, 383162400, . . .
as q = 2, 3, 4, 5, 7, 9, . . . .
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In the special case where A = I, that is, where the surface XA is the
Fermat surface, we can explicitly give an element CFJ of R such as{
t
(
η−qξqsq+1 − η−qtq+1, sqt, stq, ωη−1ξsq+1 + ωη−1tq+1) ∈ P3∣∣ t(s, t) ∈ P1} ,
where ω, ξ, and η are elements of Fq2 satisfying ω
q+1 = −1, ξq+1 = 1 with
ξ2 = −1, and ηq+1 = ξq + ξ. Note that η = 0 because ξ2 = 0, −1. The
curve CFJ is smooth since it is projectively isomorphic to the smooth curve
C0. On the other hand, a complete set of representatives for Aut(XI) can
be taken from GL4(Fq2) (see Lemma 4.1). Therefore we have the following.
Corollary 1.4. All nonplanar rational curves of degree q + 1 on XI are
projectively isomorphic over Fq2 to the smooth curve CFJ .
In the case where q = 2, we have |XI(Fq2)| = 45 where XI(Fq2) denotes
the set of Fq2-rational points of XI , and Aut(XI) is of order 25920. Then
|CF (Fq2)| = 5 for each nonplanar cubic CF on XI . We can actually obtain
by computation 432 nonplanar cubics on XI and the stabilizer subgroup of
Aut(XI) ﬁxing CFJ of order 60. By restricting XI to XI(Fq2), we can verify
that each cubic intersects 150 other cubics at a single point, 40 other cubics
at two points and another cubic at ﬁve points. Here, when we say two cubics
CF , CF ′ intersect at n points we mean |CF (Fq2)∩CF ′(Fq2)| = n. We can also
verify that Aut(XI) acts transitively on XI(Fq2) and the stabilizer subgroup
is of order 576, and furthermore, there are 48 cubics passing through each
point of XI(Fq2). These computational data ﬁles obtained by using GAP [4]
are available upon request addressed to the author.
We give a brief outline of our paper. In the next section, we prove The-
orem 1.1. By the same argument, we show directly that each irreducible
conic, which is a rational curve of rank 3, is not contained in XA. In section
3, we give a bijection between the set R and the quotient of certain sets con-
sisting of invertible 4-by-4 matrices, by showing basic lemmas. In section
4, we ﬁrst prove two lemmas which are necessary for our proof of Theorem
1.2. We prove Theorem 1.2 in the last of the section.
The author is grateful to Professor Ichiro Shimada for his encouragement
during the course of the work and helpful suggestions on drafts.
2. Proof of Theorem 1.1
Proof of Theorem 1.1. Suppose that a nonplanar rational curve CF deﬁned
by (1) is contained in a smooth k-Hermitian surface XA. Denoting by bi,j






Therefore if d < q, all the coeﬃcients bi,j must vanish because the exponents
(i + qj)’s are all diﬀerent. This implies that tFAF (q) = O, but it is a
contradiction. In fact, since rank(F ) = 4 by deﬁnition, we can take an
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invertible matrix F ∗ consisting of linearly independent 4 column vectors of
F . Then, however, tF ∗AF ∗(q) must be O. If d = q, the coeﬃcients bi,j
must vanish except for bq,l−1 = −b0,l with 1 ≤ l ≤ q. This implies that
rank(tFAF (q)) ≤ 2, but it is a contradiction by the argument above. Hence
we conclude that CF ⊂ XA.

Remark 2.1. We can similarly give a proof for the case of irreducible conics.
In fact, since an irreducible conic CF is of rank 3, we can make an invertible
matrix F ∗ consisting of linearly independent 3 column vectors of F and a
vector linearly independent to those vectors. Suppose that CF ⊂ XA. Since
d = 2 ≤ q, one has rank(tFAF (q)) ≤ 2 in the same argument as the above
proof. Therefore the 4-by-4 matrix tF ∗AF ∗(q) must be of rank 3 at the most,
but tF ∗AF ∗(q) is of rank 4 by deﬁnition. This is a contradiction. As we have
seen, this proof is valid for rational curves which are of rank ≥ 3 and degree
≤ q.
3. Basic lemmas
In this section, we will prove some basic lemmas to prepare for our proof of
Theorem 1.2. The following lemma gives a necessary and suﬃcient condition
for a nonplanar rational curve of degree q+1 to be on a smooth k-Hermitian
surface.
Lemma 3.1. Let CF be a nonplanar rational curve of degree q + 1 deﬁned
by (1). The curve CF is contained in a smooth k-Hermitian surface XA if
and only if the (q + 2)-by-(q + 2) matrix tFAF (q) is of the form⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 b0,1 0, . . . , 0 0 b0,q+1
0 b1,1 0, . . . , 0 0 b1,q+1






0 0 0, . . . , 0 0 0
−b0,1 0 0, . . . , 0 −b0,q+1 0




If the above condition is satisﬁed, the matrix F is of the form
(f0,f1,0, . . . ,0,fq,fq+1).
Proof. As was seen above, the curve CF is contained in XA if and only if
one has (2). In the present case where d = q + 1, if CF ⊂ XA then the
coeﬃcients bi,j must vanish except for bq,l−1 = −b0,l, bq+1,l−1 = −b1,l with
1 ≤ l ≤ q+1. Since rank(F ) = 4, there are 4 column vectors fx,fy,fz,fw of
F with 0 ≤ x < y < z < w ≤ q+1 such that the matrix F ∗ := (fx,fy,fz,fw)
is invertible. Then none of x, y, z, w is from 2 to q − 1 because tF ∗AF ∗(q) is
also invertible, and thus x = 0, y = 1, z = q, w = q + 1. Let fi be the i-th
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column vector with 2 ≤ i ≤ q − 1 of F . Then one has
tfiAF
∗(q) = (bi,0, bi,1, bi,q, bi,q+1) = (0, 0, 0, 0),
and thus fi = 0. Hence F and
tFAF (q) are of the form described above.
The converse is obvious since (2) holds automatically.

A rational curve CF deﬁned by (1) is also obtained by replacing F by
λFϕ(g), where λ is an element of the multiplicative group k× and ϕ is a
homomorphism from GL2(k) to GLd+1(k) deﬁned by the following: for each
t(s, t) ∈ k2 with t(s, t) = t(0, 0) and g ∈ GL2(k), put t(u, v) := g t(s, t), then
ϕ : GL2(k) −→ GLd+1(k)
∈ ∈(
g : t(s, t) → t(u, v)) −→ (ϕ(g) : t(sd, sd−1t, . . . , td) → t(ud, ud−1v, . . . , vd)) .
Indeed, it is obvious by deﬁnition that ϕ(I) = I. Putting t(x, y) := h t(u, v)
for each h ∈ GL2(k), one has
ϕ(hg) t(sd, sd−1t, . . . , td) = t(xd, xd−1y, . . . , yd)
= ϕ(h) t(ud, ud−1v, . . . , vd)
= ϕ(h)ϕ(g) t(sd, sd−1t, . . . , td).
Hence ϕ(hg) = ϕ(h)ϕ(g), and thus ϕ(g) ∈ GLd+1(k).
Conversely if there is a matrix F ′ such that CF = CF ′ , then one has
F t(sd, sd−1t, . . . , std−1, td) = F ′ t(ud, ud−1v, . . . , uvd−1, vd) ∈ P3.
This implies that there are homogeneous polynomials f , f ′ of degree d such
that f(s, t) = f ′(u, v). Therefore there is an element g of GL2(k) such
that t(s, t) = g t(u, v) ∈ P1, and thus F ′ = λFϕ(g) for some λ ∈ k×. Hence,
denoting by Im(ϕ) the image of ϕ, we see that the set k×F Im(ϕ) corresponds
one-to-one with CF .
Let S be the set of matrices F such that tFAF (q) satisﬁes the condition of
Lemma 3.1. Then by Lemma 3.1, for each F ∈ S the set k×F Im(ϕ) corre-
sponds one-to-one with the nonplanar rational curve CF on XA. Therefore
one has the following bijection
(3) k×\S/Im(ϕ)  k×F Im(ϕ) −→ CF ∈ R.
By Lemma 3.1, we deﬁne the map
∗ : S  F = (f0,f1,0, . . . ,0,fq,fq+1) −→ F ∗ = (f0,f1,fq,fq+1) ∈ S∗,
where S∗ is written as
S∗ = {F ∗ ∈ GL4(k) | tF ∗AF ∗(q) = DB, B ∈ GL2(k)},
and DB is a matrix deﬁned by
DB :=
(
0 b1 0 b2
−b1 0 −b2 0
)
∈ GL4(k) for B = (b1, b2) ∈ GL2(k).
6 NORIFUMI OJIRO
Further, we deﬁne the map ∗ from Im(ϕ) ⊂ GLq+2(k) to Im(ϕ)∗ ⊂ GL4(k)
as follows:









αq+1 αqβ , . . . , αβq βq+1






αγq βγq , . . . , αδq βδq






αq+1 αqβ αβq βq+1
αqγ αqδ γβq δβq
αγq βγq αδq βδq
γq+1 δγq γδq δq+1
⎞
⎟⎟⎠ ,







∣∣∣∣ g ∈ GL2(k)
}
.
Indeed, it is easy to see that det(ϕ(g)∗) = det(g)2q+2 for every g ∈ GL2(k),
and thus ϕ(g)∗ ∈ GL4(k).
We denote by ϕ∗ the composition of ϕ and ∗, namely ϕ∗(g) = ϕ(g)∗ for
every g ∈ GL2(k).
Lemma 3.2. The map ϕ∗ is a homomorphism from GL2(k) to GL4(k).

















αx+ βz αy + βw






(αx+ βz)qgh (αy + βw)qgh
(γx+ δz)qgh (γy + δw)qgh
)
.











αqxqgh+ βqzqgh αqyqgh+ βqwqgh




(αqxq + βqzq)gh (αqyq + βqwq)gh
(γqxq + δqzq)gh (γqyq + δqwq)gh
)
.
Since the q-th power is an automorphism of k, one has ϕ∗(gh) = ϕ∗(g)ϕ∗(h)
and thus ϕ∗ is a homomorphism from GL2(k) to GL4(k).
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For each F ∈ S, g ∈ GL2(k), denoting by ai,j the entries of ϕ(g), we can





since fi = 0 for 2 ≤ i ≤ q − 1. Then it is immediate from deﬁnition that
F ∗ϕ∗(g) = (g0, g1, gq, gq+1),
and thus (Fϕ(g))∗ = F ∗ϕ∗(g). This implies that there is the natural map
from k×\S/Im(ϕ) to k×\S∗/Im(ϕ)∗. The bijectivity is obvious since by
deﬁnition the map S → S∗ is bijective.

By (3) and Lemma 3.2, one has the bijection
(4) k×\S∗/Im(ϕ)∗  k×F ∗Im(ϕ)∗ −→ CF ∈ R.
The following well-known proposition is useful. The readers may ﬁnd a
proof for example in [2] and [9, Proposition 2.5.].
Proposition 3.3. For each element A of GLn(k), there is an element B of
GLn(k) such that A =
tBB(q). If A is a Hermitian matrix, then the matrix
B can be taken from GLn(Fq2).
By Proposition 3.3, it follows immediately that a smooth k-Hermitian
(resp. Hermitian) surface is projectively isomorphic over k (resp. Fq2) to
the Fermat surface XI .





0 b1 0 b2
−b1 0 −b2 0
)
∈ GL4(k)
∣∣∣∣B = (b1 b2) ∈ GL2(k)
}
.
Then the following map is surjective:
(5) S∗  F ∗ −→ tF ∗AF ∗(q) ∈ M.
In fact, by Proposition 3.3 there is an element D of GL4(k) such that DB =
tDD(q) for each DB ∈ M . Similarly there is an element A′ of GL4(k) such
that A = tA′A′(q). Hence putting F ∗ := A′−1D, one has tF ∗AF ∗(q) = DB,
and thus F ∗ ∈ S∗.
Lemma 3.4. The set R is nonempty, and each element of R is projectively
isomorphic over k to the smooth curve
C0 :=
{
t(sq+1, sqt, stq, tq+1) ∈ P3 | t(s, t) ∈ P1} .
Proof. The set S∗ is nonempty by the surjectivity of the map (5). Hence
by (4) the set R is nonempty. For each element CF of R, it is obvious by
deﬁnition that
F ∗−1F = (e1, e2,0, . . . ,0, e3, e4) with (e1, e2, e3, e4) = I.
This implies that CF is projectively isomorphic over k to C0. Then by
deﬁnition, the curve C0 is smooth clearly.
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
Remark 3.5. It is known that each nonplanar nonreﬂexive curve of degree
q + 1 is projectively isomorphic to the curve C0 (cf. [1, Theorem 2]). For
nonreﬂexive curves, see also [5]. Hence by Lemma 3.4, each element of R is
projectively isomorphic to each nonplanar nonreﬂexive curve of degree q+1.








Then the matrix DJ is a Hermitian matrix. Hence by Proposition 3.3, there
is an element FJ
∗ of GL4(Fq2) such that tFJ∗FJ∗
(q) = DJ . Actually taking
FJ
∗ such as ⎛
⎜⎜⎝
η−qξq 0 0 −η−q
0 1 0 0
0 0 1 0
ωη−1ξ 0 0 ωη−1
⎞
⎟⎟⎠
for ω, ξ and η as mentioned in Introduction, one has by (4) the corresponding
curve CFJ lying on XI .
4. Proof of Theorem 1.2
The group Aut(XA) of projective automorphisms of XA is equal to
{Q ∈ GL4(k) | tQAQ(q) = λA, λ ∈ k×}/k×I.
By Proposition 3.3, the group Aut(XA) is conjugate to Aut(XI) in PGL4(k).
We prove the following lemma on matrix groups of arbitrary rank because
we need the lemma to our proof of Theorem 1.2.
Lemma 4.1. Let n be a positive integer. The group PGUn(Fq2) is isomor-
phic to
G := {Q ∈ GLn(k) | tQQ(q) = λI, λ ∈ k×}/k×I.
Proof. We consider the map
G  Qk× −→ ξλQμq+1 ∈ PGUn(Fq2),
where λ is the element of k× satisfying tQQ(q) = λI and ξλ is an element
of k× satisfying ξλq+1 = λ−1. Then the map is well-deﬁned. In fact, it is
obvious that t(ξλQ)(ξλQ)
(q) = I, and the matrix ξλQ has the entries in Fq2
because I is a Hermitian matrix. Hence ξλQμq+1 belongs to PGUn(Fq2).
Further, putting P := αQ for each α ∈ k×, one has tPP (q) = αq+1λI. It is
easily shown by deﬁnition that
ξαq+1λμq+1 = ξαq+1ξλμq+1 and αξαq+1μq+1 = μq+1.
Therefore we conclude that
ξαq+1λPμq+1 = ξλQμq+1.
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Thus the map is independent of the choice of representatives for G.




since ξηξλμq+1 = ξηλμq+1. Hence the map is a homomorphism from G
to PGUn(Fq2). The injectivity and the surjectivity are immediate from
deﬁnition.

By Lemma 4.1, the group Aut(XA) isomorphic to PGU4(Fq2).
The following lemma is a key ingredient in our proof of Theorem 1.2.
Lemma 4.2. For every g, B ∈ GL2(k), one has
tϕ∗(g)DBϕ∗(g)(q) = det(g)qDtgBg(q2) .











αq tg γq tg
βq tg δq tg
)(
0 b1 0 b2














(−γq tgb1 αq tgb1 −γq tgb2 αq tgb2







































c1 c2 c3 c4





c1 = −αq2+qγq tgb1 + αq2γqαq tgb1 − αqγq2γq tgb2 + γq2+qαq tgb2
= 0,
c2 = −αq2βqγq tgb1 + αq2δqαq tgb1 − βqγq2γq tgb2 + δqγq2αq tgb2
= det(g)q(αq
2 tgb1 + γ
q2 tgb2)






c3 = −αqβq2γq tgb1 + γqβq2αq tgb1 − αqδq2γq tgb2 + γqδq2αq tgb2
= 0,
c4 = −βq2+qγq tgb1 + δqβq2αq tgb1 − βqδq2γq tgb2 + δq2+qαq tgb2
= det(g)q(βq
2 tgb1 + δ
q2 tgb2)






c5 = −αq2+qδq tgb1 + αq2γqβq tgb1 − αqγq2δq tgb2 + γq2+qβq tgb2
= −det(g)q(αq2 tgb1 + γq2 tgb2)
= −det(g)q tg(b1, b2) t(αq2 , γq2),
c6 = −αq2βqδq tgb1 + αq2δqβq tgb1 − βqγq2δq tgb2 + δqγq2βq tgb2
= 0,
c7 = −αqβq2δq tgb1 + γqβq2βq tgb1 − αqδq2δq tgb2 + γqδq2βq tgb2
= −det(g)q(βq2 tgb1 + δq2 tgb2)
= −det(g)q tg(b1, b2) t(βq2 , δq2),
c8 = −βq2+qδq tgb1 + δqβq2βq tgb1 − βqδq2δq tgb2 + δq2+qβq tgb2
= 0.
Hence one has
(c2, c4) = det(g)
q tgBg(q
2) = −(c5, c7), c1 = c3 = c6 = c8 = 0.
This completes the proof.

Proof of Theorem 1.2. We deﬁne an equivalence relation ∼ on the set M as
follows: DB ∼ DB′ for DB, DB′ ∈ M if there is an element g ∈ GL2(k) such
that DB′ =
tϕ∗(g)DBϕ∗(g)(q). We denote by DBϕ∗ an equivalence class con-
taining DB. On the other hand, the group Aut(XA) acts on k
×\S∗/Im(ϕ)∗
by multiplication from the left. Then the following map is bijective:
Aut(XA)k
×\S∗/Im(ϕ)∗ −→ k×\M/ ∼
∈ ∈
Aut(XA)k
×F ∗Im(ϕ)∗ −→ k×(tF ∗AF ∗(q))ϕ∗ .
Indeed, the surjectivity is obvious since the map (5) is surjective. If we
assume that k×(tF ∗AF ∗(q))ϕ∗ = k×(tF1∗AF1∗(q))ϕ∗ for some F1∗ ∈ S∗, then






for some g ∈ GL2(k) and λ ∈ k×. Therefore k×F1∗ϕ∗(g)F ∗−1 belongs to
Aut(XA). This implies the injectivity, and thus bijectivity. By Proposition
3.3, there is an element B′ of GL2(k) such that B = tB′B′(q
2) for each










This implies that k×DBϕ∗ = k×DIϕ∗ . Hence |k×\M/ ∼ | = 1 and thus
|Aut(XA)k×\S∗/Im(ϕ)∗| = 1, and by (4) one has |Aut(XA)\R| = 1. This
proves half of our theorem.
Let Γ/k×I be the stabilizer subgroup of Aut(XA) ﬁxing the element
k×FI∗Im(ϕ)∗ of k




∗−1 ∩ {Q ∈ GL4(k) | tQAQ(q) = λA, λ ∈ k×}.
Hence each element of Γ can be written as FI
∗ϕ∗(g)FI∗−1 for some element
g of GL2(k) satisfying
t(FI
∗ϕ∗(g)FI∗−1)A(FI∗ϕ∗(g)FI∗−1)(q) = λA for λ ∈ k×,
or equivalently,
tϕ∗(g)DIϕ∗(g)(q) = λDI for λ ∈ k×.
By Lemma 4.2, this equality is equivalent to tgg(q
2) = λI for λ ∈ k×. Con-
sequently, one has the following isomorphism:
{g ∈ GL2(k) | tgg(q2) = λI, λ ∈ k×}/k×I −→ Γ/k×I
∈ ∈
gk× −→ FI∗ϕ∗(g)FI∗−1k×.
By Lemma 4.1, we conclude that PGU2(Fq4)  Γ/k×I.

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